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ABSTRACT 
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quantum affine algebra U q (g), as discovered recently by Frenkel and 
Reshetikhin, is further elucidated in some examples. 
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1. Introduction 



In recent years there has been a considerable interest in understanding the role of 
infinite dimensional quantum algebras in the theory of off-critical integrable models of 
statistical mechanics. In particular, it has become clear that the algebraic framework 
of those theories closely parallels that of their critical counterpart - the conformal field 
theories. 

In this context the algebras of particular interest are the so-called deformed W- 
algebras W^tfg] associated to arbitrary simple finite dimensional Lie algebras q. They 
can be considered to be deformations of the W-algebras W[g] that arise in conformal field 
theory. 1 In analogy with the undeformed case, the algebras W ?) t[g] are most conveniently 
defined as the centralizer of a set of screening operators Sf in a deformed Heisenberg 
algebra H q , t [&]- 

The simplest example, the deformed Virasoro algebra Vir^t = W^tlsfe], was intro- 
duced in [12,27] and further studied in [13,26,23,1,19,20,4]. In [22,23] it has been argued 
that this deformed Virasoro algebra plays the role of the dynamical symmetry algebra in 
the Andrews-Baxter-Forrester RSOS models. The higher rank generalizations, W^tfsljv], 
were introduced in [10,3,18,11,15,2]. The deformed W-algebras W g ,t[jj], for arbitrary sim- 
ple finite dimensional Lie algebras $j, were introduced recently by Frenkel and Reshetikhin 
[15] and further studied in, e.g., [21]. 

In this paper we further investigate the structure of W g ,t[g]. In particular, we derive 
explicit expressions for elements in the centralizer of the screening operators for q = s[ 2 , 
i.e., generators of W (J) t[s[ 2 ], and formulate an algorithm to obtain generators of W^tffj] by 
'pasting' of the various si2 directions. We illustrate this procedure in the case of the rank 2 
simple Lie algebras. This explicit construction further elucidates the connection of W g ,t[fl] 
to the Grothendieck ring Rep (U q (g)) of finite dimensional representations of the quantum 
affine algebra U q (g) as discovered in [15]. 

The main ideas and some of the formulae of this part of the paper are already, at 
least implicitly, contained in [15]. The main results of this paper are a formula for the 
determinant of the contravariant bilinear form ('Shapovalov form') on the Verma modules 
over W^tfg] (Theorem 4.4) and an explicit construction of the center of Wj^fg] when one 

1 For a review of W-algebras W[g] see, e.g., [5] and the references therein. 
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of the deformation parameters t 2 is a primitive k-th root of unity (Theorem 5.1). These 
two results generalize our results for g = 5[ 2 in [4]. 

The paper is organized as follows: In Section 2 we first recall, following [15], the 
definition of the deformed W-algebra W^tfg] and formulate a conjecture for the structure 
of its generators Ti(z). This conjecture (Assumption 2.4) has been verified in a number 
of cases, including q = sim and all rank 2 simple Lie algebras. It is a slight refinement of 
Conjecture 1 in [15] and will be the starting point for the analysis in this paper. We also 
prove some simple corollaries of this conjecture which will be needed in the discussion of 
the main results of this paper. In Section 3 we provide further evidence for the conjectured 
structure of the W^tfjj] generators by explicitly working out the centralizer of the screening 
operators in the case of g = sl 2 . We also formulate an algorithm to obtain generators of 
^%,f [fl] by 'pasting' of the various sh directions, and further elucidate the connection of 
those results to the representation theory of quantum affine algebras. In Section 4 we 
prove a formula for the Kac determinant of Wg,t[jj] and in Section 5 we discuss the center 
of VV 9 ,t[fl] for t 2 a primitive k-th root of unity. In an appendix we illustrate several of 
the issues raised above in the case of the deformed algebras W gj t[g] where q is a simple 
finite dimensional Lie algebra of rank 2. In particular, we give explicit formulae for all the 
generators Ti(z) and their commutation relations. 

2. Deformed W-algebras 

In this section we review the construction of the deformed algebra W g ,t[fl], where q is 
an arbitrary simple Lie algebra of rank £, and q, t G C are deformation parameters. The 
first part of this section closely follows [15], which the reader should consult for further 
details. 

Definition 2.1 [15]. The deformed Heisenberg algebra Ti. qj t[d] JS the associative algebra 
with the (root type) generators a,i[n], % = 1, ...,£, n e Z, satisfying the relations 

[a,[m],a>]] = -{q m - q~ m ){t m - t~ m )B ij (q m , t m )5 m+nfi , (2.1) 

where B(q, t) = D(q, t)C(q, t) and 2 

C l3 {q,t) = (q^t-' + q-^ij-ilij^, (2.2) 
2 We use the standard (/-notation, [n] q = (q n — q~ n )/(q — 9 -1 )- 
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D ij(<l,t) = [VilqSij , (2.3) 

are, respectively, deformations of the Cart an matrix C = (Cy) and the diagonal matrix 
D = diag(ri, . . . ,r n ) of 0. 

We recall that Iij = 2Sij — Cij is the incidence matrix of g, while the relatively 
prime integers are given in terms of lengths of canonically normalized simple roots by 
fi = r y (oLi, «i)/2, where r v is the dual tier number of g, i.e., the maximal number of edges 
connecting two vertices of the Dynkin diagram. In particular, when g is simply laced, we 
have r v = 1, rj = 1, and 

Bifat) = C tJ {q,t) = (qt- 1 + q-H)8ij - I %3 . (2.4) 

The set of fundamental weight type generators, yi[n], i = 1, . . . ,£, n G Z, is defined 

by 

a t [m] = ]T<^(<r,n^M- (2-5) 

j 

They satisfy 

[ ai [m], yj [n]] = -(q^-q^n^-t-n^Sm+nfi, (2.6) 

and 

[ yi [mUM] = i(f-nr-r ra )M,(f,r)u 1 o, (2-7) 

where M(q,t) = D(q,t)C(q,t)~ 1 . An explicit formula for the matrices M(q,t) for Lie 
algebras of classical type can be found in Appendix C of [15]. 
In the following we will use the generating series 



Ai(z) = t ^P\^) q -^{ P ^)+2a m . exp | 



a,[m]^- m ):, (2.8) 



and 



Yi(z) = t ^^) q -^{ P ,^)+2ym :exp | ^2 yi [m]z- m \:, (2.9) 

where Ui are the fundamental weights and p is the Weyl vector of g, i.e., (o^aj) = Sij 
and (p, a() = 1. 

A Fock module, F(n), of H qj t[o\, where \x is a weight of 0, is freely generated by a^jm], 
m < 0, from the vacuum state \n), which satisfies Oi [0] = (fx,ai)\fi) and ai[m]\y) = 0, 



m > 0. It decomposes as F(/j,) = U n>0 F{p)^ under the action of, d, the derivation of 
H q ,t[o\ defined by 

[d, ai[m]] = —mai[m], mGZ. (2-10) 
There are two canonical bases of F(/z)( n ) consisting of vectors 

o[-X]\n) = o 1 [-Al 1) ]...o 1 [-A; i 1) ]...o4-Af ) ]...o4-ASf]|^), (2.11) 

where Oi[m] = ai[m] and Oi[m] = yi[m], respectively, and A h n runs over all multi- 
partitions of n, i.e. A = (A* 1 ), . . . , A^) with |A| = £\ |A«| = n. 
The formal power series generated by terms of the form 

: 8^ Yi, (zq ai t bl ) ei ... 3 n z l Y tl (zq ai t bl ) £i : , 

where ei = ±1, rii > and (o^, bi) G L C Z x Z, together with the Fock module -F(O), form 
a deformed chiral algebra in the sense of [14]. It will be denoted by H 9;t [g]. 

To construct maps between Fock modules we extend H qj t[o\ to H' q t [g] by introducing 
operators Qi, i = 1, . . . , £, such that are shift operators satisfying 

[ai[m],e Q i] = £^ m , e^ , (2.12) 

or, equivalent ly, 

[yi[m],e Q *] = npS^Sm^, (2.13) 

where [5 is given by t = q 13 and Bij = -8^(1, 1). Now, the screening currents, Sf(z), are 
defined as the generating series 

S+(z) = e - Qi / ri z- s tM :ex p ( s tH z ~ m ) - ( 2 - 14 ) 



:exp ( ~ Yl s * t r 



= e Q * //3 z s * [0] :exp ( - ^ sr[m]*~ m ] :, (2.15) 



where 



*, + M = ,. m , m^O, ,f[0] = 2iE>, (2.16) 



s - m = iL ^, m^O, s.:0 = 2.17) 

The screening operators S 1 /" : F(0) — > F(— (3cz() and S 1 " : F(0) — > F(r v cti) are defined by 
St = S?[l], where Sf(z) = E^z^H^™- 
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Definition 2.2 [15]. The deformed W-algebra V%,t[g] is the associative algebra, topo- 
logically generated by the Fourier coefficients of the maximal deformed chiral subalgebra 
of H^tfjj], which commutes with the screening operators Sf, i = 1, . . . ,£. 

An explicit construction of the generators of )%,t[f)] has been carried out completely 
in the case g = sIn [10,3] and, partially, when g is a Lie algebra of classical type [15], 
where, in particular, the generator Ti{z) was constructed for all classical Lie algebras g. 
Additional results are known for the classical limit t — > 1, i.e. for the Poisson algebra 
W<2,i[0] (see, in particular, [12,15,21]). In Appendix A we give a complete result when g is 
one of the rank 2 simple Lie algebras. 

To elucidate the structure of those generators, let us first consider the case g = sl]y. 

Theorem 2.3 [27,10,3,15]. The algebra W 9) t[slzv] is generated by the Fourier modes of 
fields 

Ti{z) = :A J1 (^- l+1 )A j2 (^+ 3 )...A Ji (^- 1 ):, i = l,...,N-l, 

l<ji<---<3i<N 

(2.18) 

where A^z) are defined recursively by 
A 1 (z) = Y 1 (z), 

(2.19) 

K{z) = :A l - 1 (z)A l - 1 (zp- l+1 )- 1 --, i = 2,...,N, 
and p = qt -1 . The A-i(z) satisfy 

:A 1 (z)A 2 (zp 2 )...A N (zp^ N - 1 ^:= 1. (2.20) 

In the remaining cases the structure of the generators of W^tfg] can be motivated by 
the explicit examples, various limiting cases (such as the conformal limit q — > 1, (3 = const) 
in which the algebra is known, and, most interestingly, a natural interpretation of formulae 
like (2.18) as characters of finite dimensional irreducible representations of the quantum 
affine algebra U q (g), where g is the affine Lie algebra corresponding to g. A conjecture 
was first formulated in [15]; in order to prove the main results of this paper we will need a 
slightly sharper version of that conjecture. Henceforth, we will assume that the following 
holds: 
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Assumption 2.4. The algebra W qi t[o\ is generated by the Fourier modes Tjm] of the 
Gelds Ti(z) = Emez %\m\z~ m , i = 1, . . . , t, 

mult A 

T i(z) = E E c^ (kx) (q,t)Y^\z), (2.21) 

\eP{V{uJi)) k x =l 

where A runs over the weights P(V(uJi)) of the finite dimensional irreducible representation 
V(u!i) ofU q (o) with highest weight u>i, and each Y^ l ^ kx \z), with A = Ui — on^ is of the 
form 

Y^\ z ) = :Y i (z)A il (zq a H b ')- 1 ...A ik (zq a H bk )- 1 :, (2.22) 

for some choice of integers cii,bi G Z. Furthermore, we assume that (2.21) is obtained 
by the algorithm of pasting 5^ directions (see Section 3). In particular, Ti(z) is uniquely 
determined by its highest weight component Y£*(z) = Yi(z). We normalize Ti(z) by 
choosing c%\(q,t) = 1. 

Remark. For V(uji) the set of weights is the same as for the irreducible g module of 
highest weight lo\. However, in general, this set is bigger, except for sIn (see, e.g., [7] for 
background material on quantum affine algebras). 

Again, we emphasize that Assumption 2.4 holds in all known cases including, in 
particular, g = sIn [10,3,15] and all rank 2 simple Lie algebras g (Appendix A). In Section 
3 we will generalize it to arbitrary finite dimensional irreducible U q (g) modules V. 

Theorem 2.5. The coefficients c^'^ kx \q,t) defined by (2.21) satisfy 

c ^\ q -\ t -i) = c^\q,t), (2.23) 

and 

mult A mult A 

E Ct x) M = E ^\q,t), weW. (2.24) 

k x =l k x =l 

In particular, if mult A = 1, then the coefficients c^(q,t) are invariant with respect to the 
action of the Weyl group W of g. In addition, for simply-laced g, we have 

c» iM {t,q) = c^\q,t). (2.25) 

Since the proof requires a more detailed analysis of the structure of Ti(z), we defer it 
to Section 3. 
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Note that the matrices Cij(q, t), B{j(q, t) and Mij(q, t) are all invariant under (q, i) — > 
This implies that H q ,t[o\ — Wg- 1 ,*- 1 ^]- I n fact, let us combine this transfor- 
mation with a Z2-automorphism of Ti, q ,t[d] an d define 

ti(q) = q~\ m = t~\ 

(2.26) 

^[°]) = g-iM, tf(a;H) = - ai [m], m^O, 

then 

^(z)) = Ai(z)- 1 , tf(y^)) = Y^z)- 1 , (2.27) 
while the screening currents (2.14) and (2.15) are invariant under $ provided we define 

HQi) = Qi- (2-28) 

The invariance of the screening operators implies that W^tffl] is invariant under Indeed, 
in Section 3 we prove 

Theorem 2.6 [15]. Under the transformation d, 

mi*)) = T % ,(zq rVhV t- h ), (2.29) 

where Ti*(z) is the generator corresponding to the weight u* = —wquji, conjugate to u>i. 
The fields Ti(z) satisfy the exchange relations [10,15] 

T^)T» = S TijTj (^)T j (w)T i (z) , (2.30) 

where S Ti ,Tj(x) = f ij (x)~ 1 fij(l/x) and fij(x) is defined by 

Uz)^) = /, J (-)- 1 :YA:)Y,«c): . (2.31) 

z 

A straightforward calculation using (2.7) yields 

- ^ l (q m -q- m )(t m -t- m )M ij (q m 1 t m )— . (2.32) 

m>0 / 

Finally, the products of operators in (2.32) are understood in the sense of analytic continua- 
tion. Using standard techniques one can derive from (2.32) the corresponding commutation 
relations for the modes T;[m] (see [10,3] for the case of sIn and Appendix A for the rank 
2 simple Lie algebras). 



The Verma module, M(h), of W gj t[{j] is defined as usual [10,3]. It is generated from 
the highest weight state, \h), satisfying Tj [0]|/i) = hi\h) and Ti[m]\h) = 0, m > 0, and 
decomposes under the action of d as M(h) = \J n>0 M(h)( n ). A basis of M(/i)( n ) consists 
of vectors 

T[-\]\p) = T 1 [-AS 1) ]...T 1 [-AS i 1) ]...T,[-Af ) ]...T,[-ASf]|^), (2.33) 

indexed by multi-partitions A. 

The realization of Ti(z) in terms of yi (z) defines a homomorphism i : M(h(p)) — > F{p), 
uniquely determined by i{\h{p))) = \p). The highest weight, h(p,), of the Verma module 
can be found by evaluating Tj[0] on the highest weight vector of F(p), Tj[0]|/i) = hi{p)\p). 
As a consequence of Assumption 2.4 we have 

Corollary 2.7. The eigenvalues hi{p) are given by 

(mult A n 
c^\q,t)) q- 2rV ^ X h 2 ^' X \ 2 ^ X \ (2.34) 

where the sum runs over the weights of the irreducible module V(uJi) ofU q (g). 
It follows from Theorem 2.5 that the hi(p) are invariant under 

p -> w*p = w(p-r w p + f3p v ) + (r v p-/3p v ), (2.35) 

for each w in the Weyl group W of jj. In fact, 

Lemma 2.8. For generic q, t e C, we have /ii(/u) = hi(p') for all i = 1, . . . , £, if and only 
if there exists a w <E W such that p' = w * p. 

For future use, also note that 

= hi*(p), (2.36) 

where 

At = -p + 2r v p - 2/3p v . (2.37) 
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3. Explicit generators of W 9it [fl] 

In this section we outline an algorithm to explicitly compute elements in the commu- 
tant of the screening operators Sf, i.e., generators of W^tfg]. First we analyze the case 
= SI2 in detail and then indicate how to obtain the result for arbitrary q by pasting 
together the various sl 2 directions. In Appendix A we illustrate this procedure in the 
case of the fundamental generators of Wq ; t[£)], for all rank 2 simple Lie algebras q. The 
main ideas of this section, as well as some of the explicit formulae, are already contained 
in [14,15] - our main motivation is to make these ideas more explicit in order to provide 
further support for Assumption 2.4, and to prove Theorems 2.5 and 2.6 which will play a 
crucial role in our analysis of the Kac determinant for VV^tfg]. 

From the commutation relations (2.6) and (2.13) it follows 3 



/ i-t— \ 



z 

—n w 



Uz)s-(w) = q 2r *[ \_ q qr J ) -Yi(z)stH 



z 



S+{w)Yi{z) = --YiMS+iw): 



(3.1) 



w 

n z 



while, for % 7^ j, 



" w 



Yl{z)Sf(w) = :Yi{z)Sf{w):, 
Sf{w)Y i {z) = :Y t {z)Sf{w): . 



(3.2) 



Furthermore, we have the difference relations [15] 

St(z) = q 2r H~ 2 :Mz q ^)S+(zq^):, 
S-(z) = q 2r H~ 2 -.Mzt-^S-izt- 2 ): . 



(3.3) 



Our aim is to find certain combinations of vertex operators such that, by using the differ- 
ence relations (3.3), the commutator with the screening currents Sf(w) and S~(w) can 
be written as total q 2ri - and t 2 -differences, respectively. We recall the definition of a total 
a-difference V a , 

D.. /W = /W-/y . (3.4) 
w(l — a) 



The normal ordering includes the prescription to put the yi [0] to the right of the Qj . 



This then obviously implies that those combinations are in the commutant of Sf = Sf [1] . 

Now consider g = sfe, and a vertex operator of the form (we write Y{z) = Y\(z) and 
A(z) = A\{z) in the case of 5X2) 

= :Y(z 1 )...Y(z m ): . (3.5) 

For our purposes it will be sufficient to consider the case 

Zi = zq 2ai t 2bl , i = l,...,m, (3.6) 

for some (a, b) = ((ai, 61), . . . , (a m , 6 m )) G lR m x R m . For convenience we define 

& = = (T- a tlh- h > = tf. (3.7) 

V *i 

We first consider the case when the are in generic position, i.e., ^ g z t z for all pairs 
(z,j), and take the non-generic limit of the resulting expressions at a later stage. Let us 
introduce 

y(+>(z) = y(z), y(-)(z) = ry^)^- 1 *)- 1 : = y^" 2 * 2 )" 1 , (3.8) 

and consider the 2 m vertex operators 

*< ei ... em )(*) = :^ (ei) (^i)---^ (em) (^):, (3.9) 
in particular ^(z) = *( ++ ... + )(2;). A tedious, but straightforward, calculation yields 

[^i...g(4«"H] 

= (g - Q" 1 ) J] sgn( ei ) ( J] (g, f ) j : * (ei ... Cm) (z)S~ (w) : , 

i / 

(3.10) 

where 

M± = {z|e l = ±}, m± = |M±|, (3.11) 
^ = a^j = , ^ = x{t , (3.12) 

and 

V$' ei) (q,t) = V^'HqMh) , (3-13) 



with 



<n( + + ) ( r, +■ C\ — 


gr 1 - <rt 




qt- 1 ^ 1 -q-H£ 






qt-^-q-Ht- 1 




v ( ~~ ] (q,t;0 = 





(3.14) 



The coefficients r/ e ' e \q,t;£) have the following easily verifiable properties 

^(^r 1 ) = »/ (g '°(ff,*;0, 



(e ' e ' ) (9" 1 ,*" 1 ;0 = »7 (g '°(?,«;0, (3-i5) 

where e = =F for e = ±. 

Theorem 3.1. For parameters Zi = zq 2ai t 2bi , (a, b) = ((a 1} . . . , ((a m , b m )) G M m x 
M m , in generic position (i.e., £y ^ q z t z ), the vertex operators 

T (aL , h) (z) = 7(ei...e m )(?> *(ei...e m )(- 2; ) ) (3-16) 

where 

^,...„,feo = n ■ < 3 - 17 ) 

i£ m_ \Vij '(q,t)J 

jeM + 

are in the commutant of S 1 ^. The coefficients 7(ei...e TO )((Z> t) satisfy the following properties 

7( £l ... £m )M) = 1, (3-18) 

7( ei ... ero )(<r\* -1 ) = 7( ei ... era )(?,*), (3-19) 

7(ei...e m )(*,?) = 7(ei...e m )(9»*), ( 3 -20) 

J] 7( ei ...e m )(?,*) = 7( Cl ... era )(?,*)- (3-21) 



|M_|=ri |M_ |=m-n 



Furthermore, 



tfCZW*)) = T ( _ a ,_ b) (zg 2 t- 2 ). (3.22) 



Proof. Consider the expression (3.16), where we normalize 7( + + ) = 1. Using (3.3) it is 
clear that the S(xiq)-term in 



[V(e 1 ...e i - 1 +e i+1 ...e m )(z),S (w)] 



is going to combine with the 5{xiqt 2 )-term in 



[*(. 



} (z),S-(w)} 



into a total t 2 -difference, i.e., that we have 



[T (a>b) (*),£-(«,)] = V t 2.R(z,w), 



(3.23) 



for some R(z, w), provided we can choose the 7(, 



){q,t) in (3.16) such that 




)(?»*) > 



(3.24) 



for all choices of % and tj The solution of (3.24) is given by (3. 17). 4 The analysis 

for the other screening current S + (w) proceeds similarly. The properties (3.18) - (3.20) 
trivially follow from (3.14) and (3.15). To prove (3.21), consider both sides as a (bounded) 
meromorphic function of one variable, say z\. Such a function is uniquely determined 
by the residues at its poles and its value at infinity. Using the third relation in (3.15) 
it is easy to check that the residues of both sides indeed agree. Finally, (3.22) follows 
straightforwardly from (3.19). □ 

For parameters Zi in non-generic position, some of the coefficients 7( €l ... £m ) (q, t) in 
(3.17) may be vanishing or singular. Four different situations might occur: 
(i) There exists a pair such that £y = q. In this case rj^ + \q,t) = such that 



and the number of terms in (3.16) is effectively reduced by 1/4. 

4 Note that it is a non-trivial fact that the system (3.24) has a solution at all. Indeed, we 
have m2 m_1 equations for 2 m — 1 unknowns. The dependence of the equations is however 
guaranteed by (3.15). 



T(ei ...ej_i — £j + i ...ej_i+£j + i ...e m ) " •> 



12 



(ii) There exists a pair such that £y = t. This case is similar to case (i) due to the 
symmetry (q,t) -> 

(iii) There exists a pair such that £y = 1. In this case r]^ + \q,t) and r)jl + \q,t), 
and thus both 

T(ei ...ei_i — Cj+i ...ej_i+ej+i ...e m ) 

and 

7(ei ...£i_i+£i + i ...ej_i — + i ...e m ) 

are singular. However, the residue at this singularity vanishes, so the expression (3.16) 
makes perfect sense provided we interpret the right hand side as the limit of the generic 
expression in which we let £^ — > 1. Note that, by doing so, the ^( ei ...e m )( z ) terms are 
no longer of the form (3.9), but contain derivative terms. 

(iv) There exists a pair such that £y = qt~ x . In this case r}}~ + \q,t) = and the 
coefficient 

T(ei ...ej_i — €j_|_i ...ej_i+ej+i ...e m ) 

becomes singular. This is a genuine singularity. By renormalizing the expression 
for T( a b )(z) we obtain an element in the commutant of 5 ,± with terms which are 
precisely the complement of the terms remaining in case (i). Note that, in this case, 
(zi)Y( + \zj) := 1. Thus, the generator obtained this way corresponds effectively 
to an expression (3.16) with to — > m — 2. 

Of course, various combinations of the above cases can occur simultaneously. A par- 
ticularly important example is when the Zi line up in a single (/-string, i.e., 

Zi = Z q 2a+2 ^- 1 h 2b , i = l,..., m, (3.25) 

for some a, b G R. One easily verifies that the only nonvanishing coefficients 7( ei ...e m )(<Z>*) 
in (3.16) are 

7m,n(9,*) = 7 (___+... +)(?»*)» ( 3 - 26 ) 

and, therefore, the corresponding element T( aj b)(z) = T m (z) in the commutant has to + 1 
terms. Explicitly, 7m,o(<2S i) = 1 and, for n = 1, . . . , to, 

(g fc t _1 — q~ k t)(q m ~ k+1 — g-( m_fc + 1 )) 

7m,»(9,*) = 11 ^fc _ g-fc^gm-fc+^-l _ g-(m-fc+l)^ ' ( 3 ' 27 ) 
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From Theorem 3.1 it follows that the coefficients 7 m ,n(<Z>*) have the following properties 

7m,n(?,l) = 1, 

7m,n(g _1 ,£ _1 ) = 7m,n(9,*), 

(3.28) 

7m,n(*,9) = 7m,n(5,*) , 
7m, m — 71(9? ^) 7m,ii(9i 

which can easily be verified explicitly from (3.27). 

The foregoing construction of the operators T( aj b) (2) is intimately related to the struc- 
ture of the representation ring of the quantum affine algebra U q {s\2)- Before formulating 
a more precise conjecture, let us discuss the extension of the above results to arbitrary 
simple g. Suppose we start with the operator 

*W*) = U fl Yiiz®):, (3.29) 



where 



zy = zq 1 3 t 3 , (3.30) 



with (a,b) = ((a^\b^ ),..., (o£,6S 

)), and try to complete it to an operator in the 



commutant of all Sf, i.e., an element of W g) t[g]. In each SI2 direction i, we may apply 
the results of Theorem 3.1, with the replacement q —> q r \ and the final result is obtained 
by pasting together all the sl 2 directions. Clearly, for this algorithm to work, certain 
consistency conditions at the intersections of the various SI2 directions must be satisfied. 
To illustrate the general procedure we have summarized the construction of the generators 
of W g) t[fl] for the rank 2 simple Lie algebras q in Appendix A. 

Note that the above algorithm bears close resemblance to the construction of the 
irreducible finite dimensional representation L(A) of $j of highest weight A = ^mjWj. In 
fact, the construction would be exactly identical if, at all 5^ highest weights in direction i, 
the operators Yi(z) would line up in q ,ri -strings. This is not the case in general, though, as 
the completion of y"( a ,b) ( z ) to an element in the commutant of Sf in general has more terms 
than the dimension of L(A). In fact, the conjecture (cf. [15]) is that the number of terms 
and their weights are the same as the dimension and the weights of an irreducible finite 
dimensional representation V of the quantum affine algebra U q (g), which decomposes under 
U q (g) as V = L(A) © . . ., where the dots stands for 'smaller' representations. An example 
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of this, which is worked out in detail in Appendix A. 3, is the generator corresponding to 
the 14 of U q {G2), to which an additional singlet term has to be added, in accordance with 
the minimal affinization of the 14. This conjecture has been verified in all cases where 
the generators Ty(z) are explicitly known. Obviously, when V is one of the fundamental 
representations it coincides with Assumption 2.4. 

The main point here is that the algorithm should hold for other than the fundamen- 
tal representations as well [15,17,16]. This leads to a generalization of Assumption 2.4, 
which will be formulated after we recall some basic facts from the representation theory of 
quantum affine algebras (see, e.g., [7] and references therein). 

Let Rep (U q (g)) denote the ring of finite dimensional representations of U q (o). It is 
well-known that there is a 1-1 correspondence between the irreducibles V G Rep (U q (g)) 
and monic polynomials Piy{u), i = 1, . . . , £ [9]. Let {u^} \ji = 1, . . . , m 8 } be the roots of 
Pi,v(u). 

Conjecture 3.2. Let V G Rep(U q (g)) be irreducible. We have a map V i— > T v (z) G 
Wq,t[fl] given by 5 

mult A 

Tv{z) = E E c V x ^\q,t)Y^\z), (3.31) 
\eP(V) k x =i 

where X runs over the weights P(V) of V, and is uniquely determined by the above s^- 
pasting algorithm from the highest weight component 

t , rrii ^ 

Y v {z) ee YX{z) = H[H Uzu^)):, (3.32) 

i=i \=i ' 

with highest weight A = J2i m i UJ i- 

Remark. In most cases the Y^^ kx \z), with A = A — J2j wm De or * the form 

■Y v {z)A ix {zq a n^)- x ...A^zq^Y 1 -. . (3.33) 

However, it can happen that in some sl% direction there exists a pair of arguments (z, w) 
such that w/z = 1 (case (iii) above), in which case there will be derivative terms. This, 
for example, happens in the case of the Wq^Gy generator with highest weight component 

5 Of course, this map is not unique, e.g., it can be twisted by an automorphism of U q (g). 
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Yi(zq 1 )Y 1 (zq) : i.e., the minimal U q (G 2 ) amnization of the U q (G 2 ) irrep. L(2ui) = 27 
which is a 27 © 7. 

Remark. It is known that there is a map V i— > £y (z) = Zlmez V[^]-2~ m from Rep (£/" g (g)) 
to generating series of central elements in U q (g)k=-h v [25,8], which at q = 1 reduces to 
the character of V. These g-characters satisfy the following natural properties 
(I) t V(BW (z) = t v (z) + t w (z), for all V, W G Rep (U q (g)), 
(II) t v ®w{z) = t v (z)t w (z), for all V, W G Rep (U q Q)), 

(III) t^( a )(^) = ty(za), for all V,W E Rep (C/ g ("§)), a G C*, and where V(a) is the image 

of V under the twist automorphism. 
Moreover, it has been shown, at least for q = sijsr [12], that the evaluation of the im- 
age of tv(z) under the free field realization U q (g,) — > Ti q ,i(Q) coincides with the Bethe 
Ansatz formula for the eigenvalues of the transfer matrix corresponding to the finite di- 
mensional representation V G Rep(U q (g)). Conjecture 3.2, which is a slight extension of 
the conjectures in [15,17], is a t-deformation of this classical result in the sense that to 
each V G Rep (U q (g)) one can associate a field T v (z) in W 9j t[fl] such that T v (z) — > t v (z) 
for t -> 1. 

Comparing our explicit calculations in the case of sh above with the representation 
theory of U q {s\2) [6] shows that Conjecture 3.2 holds for s^- The sl 2 results indicate that 
the tensor product structure of Rep (U q (g)) is also reflected in W^fg] through a quantiza- 
tion of property (II) above (properties (I) and (III) continue to hold for the quantization 
Ty{z)). Specifically, since VV^tffj] has been defined as a deformed chiral algebra, by the 
very axioms of this algebra [14] the residues at the poles of the (meromorphically con- 
tinued) composition of two generators are again elements of W^tfjj]. We expect that the 
composition Ty (z)Tw(w), V, W G Rep (U q (g)), in particular contains poles corresponding 
to all subquotients of V <S> W. More precisely 6 

Conjecture 3.3. Let V, W G Rep(U q (Q)) and T v (z) and T w (z) be the corresponding 
elements ofW q ^[o\- For each subquotient U of V <g) W there exists a meromorphic function 
rfij® W (x) and a choice of a, 6, a', b' G Z such that 

Tu(ztfY) = lim rj^ w (-)T v (z)T w (w). (3.34) 

w^zq a t b Z 

6 See, also [16]. 
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For sl 2 the validity of this conjecture, which is also implicit in [14], follows from the 
observation that (cf. [4], (2.37)-(2.40)) 

f{^)Y^{ Zl )Y^{z 2 ) = ■■Y^(z 1 )Y(-Hz 2 ):, 

Zl r, { 12 +) (q,t) 

and comparison to the explicit tensor product structure of U q (sl 2 ) [6]. In Appendix A we 
will see examples for the simple Lie algebras g of rank 2. 

Remark. For V and W in generic position the U q (g) module V <g> W will be irreducible. 
In that case we can simply take a = 6 = 0,£ = l and 

Vv®w( x ) = fvw(x), (3.36) 

where fvw( x ) is determined by 

in 

Y v (z)Y w (w) = fvwi-r 1 :Y v (z)Y w (w): . (3.37) 

z 

For V ® W reducible, and U C V ® W the subquotient with highest weight given by the 
highest weight of V ® W, the choice (3.36) suffices as well. The other subquotients can 
be projected out by using the singularity structure of (77^ + - ) ) _1 in the case of (/t -1 -strings 
(see case (iv) in the sl 2 case). 

The structure of the commutant for sl 2 suggests (see, in particular, (3.9)) the definition 
of a 'deformed Weyl group action' as follows. Define, for each i = 1, a transformation 

Ti : n q M - W«,t[fl] by 

Tiyj[m\ = yj[m] - 5ij pY 1 ai[m] , (3.38) 

or, equivalent ly, 

T iaj [m] = a j [m]-C ij (q m 1 t m )p^a i [m], (3.39) 

where pi = q Ti t~ x . Let us denote by the algebra generated by the Tj, i = 1, . . . , £. 

It is easy to check that T 9)t [g] acts by automorphisms of Ti. q ,t[d]- The Tj's satisfy various 
relations, the simplest of which are 



( Tl -l)(T t +p- 2d ) = 0, 
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(3.40) 



or, equivalent ly, 

T- 1 = p} d Ti + (l-p? d ), (3.41) 
where d is defined in (2.10). In addition, 

TjTj TjTi j if CijCji , 

(3.42) 

TiTjTi — TjTiTj , if CijCji — 1 . 
Note that, for 5X2, we have 

*<-...-)(*) = T* (+ ... +) (z). (3.43) 

Thus, the algebra T 5j i[g] can be used to construct 'Weyl orbits' of terms in the expressions 
for the commutant. 

In particular, let wq = ■ ■ - r i n i ( n = be a reduced expression for the longest 

Weyl group element wq. Define 

T W0 = T n ...T tn , (3.44) 

then, as one can verify on a case by case basis, 7 

T W0 Y t {z) = y i .(z ? - rVh V)- 1 . (3.45) 

Finally, let us return to the proofs of Theorems 2.5 and 2.6 in Section 2. Under As- 
sumption 2.4, Theorem 2.5 follows immediately from (3.18) - (3.21), while Theorem 2.6 
follows from (3.45) by using, in particular, the assumption that Ti(z) is uniquely deter- 
mined by its highest component. Moreover, both theorems generalize to W 9j f [fl] elements 
with more general highest weight component (3.29). The generalization of Theorem 2.5 is 
self-evident, while the generalization of Theorem 2.6 is (cf. (3.22) for g = s[ 2 ) 

0(r ( a,b)(s)) = T ( _ a% _ b ,)(^ Vh V h ), (3.46) 

where 

(af\&; (i) ) = (af\bP). (3.47) 

7 Albeit not completely obvious, the result is independent of the choice of reduced 
expression for wq. 
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4. Involutions, contravariant forms and the Kac determinant 

The algebra has a natural two-parameter family of anti-involutions cu ai 6, a, b G 

C, defined by 

u a ,b( a M) = -a i [0} + 2r v (p,a i )-2p(p v ,a i ), 

(4.1) 

w a ,b( a iW) = -(? a * 6 ) m fli[-m] , m^O, 

and 

w 0l 6(<9i) = Qi, (4-2) 

or, equivalent ly, 

u> a ,b(M*)) = M — r\ w 0>6 (y 4 (z)) = Fi(^)- 1 . (4.3) 

Also 

wa,6(5f(z)) = ^Sf(^f). (4.4) 

In particular, the screening operators S 1 ^ are invariant under u a ^, up to a multiplicative 
factor, and therefore oj a ,b is well-defined on W g ,t[fl]. 

Lemma 4.1. The action of to a ^ on the generators T^z) ofW q ^[o\ is given by 

„a+r v h v -tb— h 

w ,6(2i(z)) = Ti.(2 — ). (4.5) 

z 

Proof. Note that the action of u a ,b on Ti(z) in (2.21) is obtained by composing the trans- 
formation i? of (2.26) with the transformation z — > q a t b /z. The lemma follows by using 
Theorem 2.6 and then applying the transformation z — > q a t b /z. □ 

In the following we will set a = — r v h v and 6 = h, and denote the corresponding 
anti-involution by ui. Obviously, we then have u(Ti(z)) = Ti*(l/z). 

The anti-involution u> induces a unique contravariant bilinear form ( — \—) F on F[p) x 
Fiji) such that (p,\n) F = 1, where p, = -\i + 2r v p - 2/3p v (cf. (2.37)). We will denote 
by gw = {p\u(y[— X])y[— X']\h)f the matrix elements of this form in the basis (2.11). 
Similarly, to induces a unique contravariant bilinear form ( — |— ) on M(h) x M(h) with 
matrix elements Gw = (h\u(T[—X])T[—X']\h). Clearly, both gw and Gw vanish unless 
|A| = |A'|. The map i : M(h(fi)) — > F{p) is an isometry for generic values of (q, t; g M ). 
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Lemma 4.2. Let g^ n \q,t) = det(<7,\x')|A|=|A'|=n oe the determinant at level n. Then 

( \pe(n-rs) 
(cf Vh V h ) fr (det M(q r , t r )j (q r - q~ r Y{t r - f" r )M , (4.6) 

rs < n 

where pi(m) is the number of multi-partitions of m and C n is a constant independent of q 
and t. 

We give an explicit formula for det C(q,t) and det D(q, t) for all simple Lie algebras 
$3, from which det M(q, t) follows. 



A,. 


det C 


= (p £+1 — p 1 1 )/(p — p 1 ) 








det C 


= q 2£ -H- e + q- 2e +H e , 


det D 


= (q + q~ i y- 1 


c e . 


det C 


= qt+H- e + q- e -H e , 


det D 


= q + q~ 1 


D t . 


det C 


= (p + p- 1 )(p e - 1 +p- e+1 ) 






Eq. 


det C 


= p 6 +p 4 - l+p- 4 +p~ 6 






E 7 . 


det C 


= p 7 + p 5 — p — p~ x + p~ 5 + p~ 7 






E 8 . 


det C 


= p 8 +p 6 -p 2 - p~ 2 + p~ 6 + p~ 8 






F 4 . 


det C 


= q 6 t-*-l + q-H\ 


det D 


= (q + q' 1 ) 2 


G 2 . 


det C 


= q 4 t~ 2 -1 + q-H 2 , 


det D 


= q 2 + 1 + q~ 2 



For g simply-laced the expressions above follow from the lemma below, the expressions 
for Bi and Ct were given in [15]. The remaining cases were computed by brute force. 

Lemma 4.3. The eigenvalues Xi(q, t) of Cij(q, t) for q simply-laced are given by 

Xi{q,t) = (p + p- 1 ) + 2cos{^) , (4.7) 

where p = qt~ x , and ei, % = 1, . . . , £, are the exponents of q. 
Let a e A, [i e f)*, and r, s G N. Define 

G < £' S \q,t;q fJ ') = q~^ '^' Q ) + 5 rV '«(<*, ' ,a)-r ^(M.aO _ gr v (p,a)-^r v s(a,a) t -(p v ,a)+r^-(fi,a) ^ 

(4.8) 

then, under the action of W (see (2.35)), we have 

<#' a) (9,f;<r M ) = G^l(q,t;qn (4.9) 
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In addition, 

G^ s Hq,t;qn = G%\q,t;<f), (4.10) 

where 

p, = -/i + 2r w p - 2/3p v . (4.11) 
We define the matrix of % in the standard bases (2.33) and (2.11) by 

i(T[-\]\h(p))) = £ (9, t;0 !/[-*'] (4.12) 

A' 

and denote by Tl( n \q, t; g M ) = det(n^v)|A|=|A'|=n the determinant of this matrix at level 
n. 

Theorem 4.4. Given Assumption 2.4, the Kac determinant ofW q ,t[o\ at level n is given 
by 

G^(q,t;q^) = rf n \q,trf) g< n \q,t) nl n \q,t;q>>) , (4.13) 

where 

(\ p e (n-rs) 
{q r^ t _ h) _ ¥ j-j G {r,s) {q ^. t) \ ^ (414) 

a£A + / 

rs < n 

and g^ n \q,t) is given in (4.6). That is, using (4.10), 

(\ p((n—rs 
( II G * ,S) («» *! ( det M (^' (q r -q- r Y(t r -t- r Y 



rs<n 



(4.15) 



Proof. The proof is a generalization of the proof in [4] for g = SI2 to which we refer for 
more details. First we observe that the determinant G^ (q,t; q^) can be factorized as in 
(4.13) by using the norm preserving homomorphism % : M(h(/i)) — > F(/i). The Fock space 
determinant g^ n \q,t) was computed in Lemma 4.2, so it remains to compute a sufficient 
number of vanishing lines of (q, t; q^) (note that Il( n ) (q, t; q^) is a Laurent polynomial 
in q^). The construction of a set of vanishing lines of Tl^ (q, t; q^) proceeds as follows. 
For every weight fi of the form \i = Pfu,^ — r v with p^ G and G P+ and 
i = 1, ...,£, we can construct a W g; t [g] singular vector in F(p) (where ft is given by (4.11)) 



at level (fi^ + p v ,ai)(^ ) + p,Oi(). Explicitly, this singular vector is the image of the 
highest weight vector \ji + r(3a^) under the map 

<ff[(dz j S i +(z j )) : F(ii + rPay) - F(ft) , (4.16) 

where 

r = (/i(+)+p v ,«0, s = (/z^+p,^)- (4.17) 
Note that, with the definition (4.17), 

(^-r v /9 + /3/9 V ,ai) = r/3 - ir v s(«i, tti) . (4.18) 

For Wq,t[s(jv] this construction was carried out in [3], where it was also shown that in this 
case the result could be expressed in terms of Macdonald polynomials. The construction 
for general g is a straightforward generalization (cf. [5] in the conformal case). Due to the 
non-degenerate pairing between F(/j,) and F(ft) (for generic values of (g, £; q^)) there must 
exist a vector in the cokernel of the map i : M{h(pt)) — > F{ji) at level rs, i.e., by using 
(4.18), we conclude that Il^ n \q, t; q^) has vanishing lines Ga- S \q, t; q^) for alH = 1, . . . ,£, 
and rs > n. Using the Weyl group invariance (4.9), one then proves that U^ n \q,t;q^) is 
given by (4.14) up to a Laurent polynomial C n in q, t and g M . To prove that C n is actually 
a constant it suffices to compute the leading order term in H^ n \q 7 t; q^) (the (partial) 
ordering is given by q^ >z <Z M iff /z — /z' € Z> • A + ). We find (cf. [4] for more details) 

l , \ length(A (i) ) 

II Y[ \ q~ 2rV {p, " i)t2(pV ,UJi) q 2{fI '" i} ) 

Ahn i=l ^ ' 

/ \ p^(n-rs) 

n n ( Q" rV(p,a) t (pv ' Q) Q (At ' Q) ) 



a6A + 

rs<n 



rs<n 



Pi(n-rs) 



(4.19) 



where we have used 



and 



= J^a, (4.20) 

i a6A + 

£h = 2|A+|, £h v = ^ (a, a). (4.21) 

aeA + 
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This concludes the proof of the theorem. □ 

Remark. It follows from Theorem 2.6 that the determinant of the matrix 

n£W;<n = (<z rVh V h )* n<3>,( ? ,f;g"), (4.22) 

satisfies (cf. (3.19) in [4]) 

U^ n) (q- 1 ,t- 1 ;q-' 1 ) = (q,t; Q M ) . (4.23) 

This can indeed be verified from the explicit expression (4.14) of this determinant. 

5. The center of Wg,t[g] at roots of unity 

In this section we consider the limit of V%,t[g] when t 2 is a primitive k-th root of unity, 
t 2 — >\/l, and q 2 is generic, i.e., we have t 2k = 1 and t 2j ^ 1 for all j = 1, . . . , k — 1, while 
q 2j 7^ 1 for all j ^ 0. We will restrict our discussion mainly to the simplest case g = sIn- 
Note that, because of the duality Wg^fg] ~ Wt i9 [g], which holds when g is simply laced, 
it does not matter with respect to which deformation parameter the limit is taken. For q 
non-simply laced the situation is different as the deformation is not symmetric under the 
interchange of q and t. (In fact, the duality above is then replaced by a more complicated 
relation [15].) It follows from the definitions in Section 2 that the dependence of W g ,t[g] 
on t, unlike that on q, is in some sense universal for all g. This allows an extension of the 
construction to the general case, which is then verified on examples for rank 2 algebras 
using the explicit realizations from Appendix A. 

The definition of W 9) t[fl], in the limit t 2 — >\/T, presents a subtlety in that the oscillators 
(2.17) and thus the screening currents (2.15) are not well defined in this limit. Note, 
however, that the divergent factor in the definition of the oscillators (2.17) cancels out 
in the commutators between the screening operators S~ and the fields in Hg jt [g]. Thus 
the problem of computing W g) t[g] as a commutant defined through those equations is well 
posed, also in the limit, and will simply lead to an algebra W^tfg] with generators Ti(z), 
as in Assumption 2.4, specialized from the generic case to t 2 =\/T. 

It is an obvious observation that, as follows from (2.1) and (2.7), in the limit t 2 —>\f\ 
(or q 2 — > \/I) the algebra 7i,j,t[g] has a large center generated by the oscillators ai[m] 
(equivalently, yi[m]), with m = Omod/c. In turn, this implies that there should be a 
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corresponding center of W^tfg] and our goal is to verify that by constructing this center 
explicitly in terms of the generators Ti(z). 

The existence of this center may also be inferred from the formula for the Kac de- 
terminant of W gj t[g] in (4.15). Namely, the determinant, G^ n \ contains a factor fl^g 1 " ~~ 
q~ r )(t r — t~ r ), and thus vanishes for either t 2 or q 2 a root of unity and n sufficiently large. 
Thus, for those values of the deformation parameters, the Verma module should have ad- 
ditional singular vectors that are independent of the highest weight. Indeed, it follows 
from the nonvanishing of (4.14) for a generic q and fi, that the Verma module, M(h(fi)), is 
isomorphic with the Fock module, F{jj). Obviously, the latter has infinitely many singular 
vectors corresponding to the center of H q: t[d], which in turn give rise to singular vectors 
in the Verma module independent of the highest weight. 

To make this discussion more explicit let us now consider the case q = sIn- The 
generators of W g ,t[fl] are given in Theorem 2.3. Note that if we recast (2.18) as in (2.21), 
all the coefficients c^j- (q, t) are equal to one and 

Y?{z) = :A h (zp- l+1 )A l2 (zp-^)...A h (zf- 1 ): . (5.1) 

The (nondegenerate) weight A G P(V{uJi)) in (5.1) corresponds to the sequence (Zi, . . . , U), 
li < . . . < li, such that A = ■ e\. where €j , % = 1, . . . , N, is an overcomplete basis in terms 
of which the simple roots of sIn are given as aij = — ej+i. In particular, (1,2,..., i) is 
the sequence for Ui, in accordance with 

Y%(z) = Yi(z) = ■.A 1 (zp- l+1 )A 2 (zp- l+S )...Hzp 1 - 1 ): . (5.2) 

For A G P(V(wi)) and A' G P{V{uj)), define f x J x ,(x) by 

■ ■ 111 

Y?(z)Y$(w) = fM-)- 1 :Y^(z)Y^(w): . (5.3) 

Setting A = A' = u>i, we obtain f™u-( x ) = fu{ x )i which is given in (2.32). Then an 
arbitrary fx\>( x ) can be computed using [10]: 

in in 

A,(z)M«0 = ^(-)Zn(-)- 1 :A,(z)A,, («;):, (5.4) 

z z 

where 

(s(x) for /</', 
1 for / = /', (5.5) 

s{xp 2 ) for I > V , 



and 

S{X) ~ (p-p-^x)(l-x) ■ {b ' b) 
For our purposes it will suffice to consider only weights in the same representation, i.e., 
we take A, A' G P(V(uJi)) corresponding to sequences A = (Zi, ...,/*) and A' = . . . , /Q, 
respectively. 

An immediate consequence of (5.5) is that f\\{x) does not depend on a particular 
choice of the weight, 

fx\(x) = fj iUi {x) = f u (x). (5.7) 

For A 7^ A', we can use (5.5) to compute the additional factor that arises from the points 
at which (/i, . . . , U) and . . . , l^) are different. Hence we write 

fxx'W 1 = sxy(x)Ux)- 1 , (5.8) 

where 

i 

s\\>(x) = s h ,__ hjVi ,__ Vi {x) = n s '-.'i-'j( x )' ( 5 - 9 ) 

o=l 

and Si aj j' i .../< (x) is the contribution due to the ordering of l a with respect to l[, . . . , Z^. We 
find (cf. [10]) 

f \ / 1 for / a = , 

(X) = I s(xp^) for C +w -r < ^ < , (5 - 10) 

where the (in)equality is satisfied for some 1 < 6 < m or - a < m < i — a + 1. 

The center can be constructed in terms of the generators Ti(z) by generalizing the 
corresponding result for sl 2 in [4]. 

Theorem 5.1. For t 2 = \/T and q generic, define 

*?\z) = lim (\{fu{— ))T 4 (zO...T 4 (z fc ). (5-11) 



Then we have 

y\ k \ z ) = :^ i (^ M )^(^ (M )---^ i W : - ( 5 - 12 ) 

xeP(v(wi)) 

(k) 

and (*) 

is a well defined series of central elements of V%,i[s[jv]- 



Proof. After expanding (5.11) using (2.18), (5.1) and (5.3) we obtain a sum of terms of the 
form 

( II s ^xA^)) :YZ( Zl )...Y£(z k ): . (5.13) 

It follows from (5.6) that for a generic q, and thus p, none of the factors s\ m \ n (z n /z m ) 
develop a pole in the limit z n /z m — > t 2 ^ m ~ n \ (Note that we have \m — n\ < k.) 

Consider the weights A m = {l m ,i, ■ ■ ■ ,l m ,i) and X m+1 = {l m +i,i, ■ ■ ■ ,l m +i,i)- Using 
(5.10) it is easy to see that s\ m \ m+1 (t~ 2 ) has a vanishing factor of s(t~ 2 ) unless Z m>a > 
lm+i,a for all a = 1, . . . , i. Next consider Ai and A&. By the previous argument we may 
assume Ai i(2 > A 2j(l > • • • > Afc )a . Suppose A^j > A^. This results in a factor s(p 2 t 2k ~ 2 ) , 
which vanishes for t 2 = Thus we must have Zi^ = l^^i = . . . = /fc^. Proceeding by 
induction we then find that the only nonvanishing terms in (5.13) arise for Ai = . . . = A^, 
which proves (5.12). 

It follows from the explicit expressions (2.8), (2.9) and (2.19), that for t 2 = \/I all 
terms in the sum on the right hand side of (5.12) have an expansion in terms of the 
oscillators a,i[nk], n E Z. Thus, at least formally, (5.12) is in the center of V%,t[£j]. □ 

If one tries to expand the right hand side of (5.11) in terms of the modes Tj[n], the 
resulting series is divergent. It is however well defined when acting on the vacuum of a 
Verma module. We then obtain a series of singular vectors that are manifestly independent 
of the highest weight. We refer the reader to [4] for explicit formulae for the low lying 
singular vectors in the SI2 case. 

Here let us consider as an example the case of SI3 with k = 2, i.e., t 2 = —1. For a 
generic q and h we find the following pairs of singular vectors at levels 2m, m > 1: 

vl>i 2) [-2m]|/i) = (j2 m x (l,t 2 )f 11 (R 12 )T 1 [-X 1 ]T 1 [-X 2 ] 

- 2(-l)> 2m [4m - 3] p T 2 [-2m]\ \h) , 

J (5.14) 

v4 2) [-2mp> = ( ^A(l,t 2 )/n( J Ri 2 )T 2 [-A 1 ]T 2 [-A 2 ] 

- 2(-l) r >- 2m [4m - 3] p Ti[-2m]^ \h) , 

where the sum runs over partitions A = (Ai,A 2 ), Ai > A 2 > of 2m, R12 is the raising 
operator acting by 

R^T^mYT^n] = T % \m - \\T % \n + 1] , (5.15) 
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and m\ is the monomial symmetric function [24] . We can make these formulae even more 
explicit for m = 1 where we find 



*P[-2]\h) = -(T 1 [-l]T 1 [-l] + I |-T 1 [-2]T 1 [0]-2p 2 T 2 [-2]y), 
*?[-2]\h) = -^[-llrat-ll + ^TaHlTalOl-^TxH])^. 



(5.16) 



The above discussion has a simple generalization to arbitrary W^tfg]. 
Conjecture 5.2. For t 2 = \/I and q generic, define ^f\z) as in (5.11). Then 

mult A 

*\ k \ z ) Yl ■■Yp ,ijX \zt 2k - 2 )Y^ ijx \zt 2k - 4 )...Yp' {jx \z):, (5.17) 

\£P(V(uJi)) JA = 1 

is a series of central elements in W q j[o\- 

The last assertion in the conjecture is obvious, provided we prove the expansion (5.17). 
We have verified Conjecture 5.2 in all cases where the generators Ti{z) are known explicitly. 

As remarked before, for simply laced 0, the center for q 2 a primitive k-th root of unity 
(and t generic) follows from Conjecture 5.2 by using the duality invariance (q, t) — > (t, q). 
For non-simply laced, the situation q 2 = \/I is more complicated. In particular, the 
generating series of central elements will in general not be homogeneous of fixed order in 
the generators Ti(z), due to a different rescaling q — > q Ti in the various 5^ directions. We 
will leave this case for further investigation. 

Acknowledgements. P.B. is supported by a QEI research fellowship from the Australian 
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#DE-FG03-84ER-40168. 
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Appendix A. Examples — the W g) t[g] algebras of rank 2 

In this appendix we illustrate some of the ideas of the paper in the case of the de- 
formed W-algebras W 9j t[g] corresponding to the rank 2 simple Lie algebras A 2 , B 2 and 
G 2 . We provide explicit expressions for the generators and their relations and illuminate 
the connection to the representation theory of the quantum affine algebra U q (g). 

To simplify the notation, let us define 

(ai,...,q r ) (ai - aj~ x ) . . . (a r - a" 1 ) 

(&!,..., 6 a ) ~ ( bl -b^ 1 )...(b s -b7 1 ) ' [ ' ' 

Also, we recall that the function f\\,(x) is defined by (cf. (5.3)) 

■ ■ 111 

Y?(z)Y£'(w) = fM-)- 1 :Y?(z)Y$(w): . (A.2) 

A.l. W q , t [sl 3 ] 

The case g = A 2 = 8I3 has been discussed in detail in [10,3]. For completeness we give 
a brief review. 

We adopt the following conventions. In terms of an overcomplete basis of M 2 given by 
vectors {£1,62,63}, satisfying 

€ i " e j = $ij _ I ' £ 1 + £ 2 + e 3 = , (A.3) 

the simple roots and fundamental weights of s [3 are written as 

ai = ei - 62 , a 2 = e 2 - e 3 , 

(A.4) 

LOi = 61 , w 2 = e x + e 2 = -C3 • 

We have (ri,r 2 ) = (1, 1), and r v = 1, h = h v = 3. The weights of the irreducible sl 3 
representations L(u)\) = 3 and L(uj 2 ) = 3* are given by {ei,e 2 ,C3} and {— e\, — e 2 , — €3}, 
respectively. 

The deformed Cartan matrix is given by 

In particular, 

A 1 (z) = ■.Y 1 (zqt- 1 )Y 1 (zq- l t)Y 2 (z)- 1 :, 

(A.6) 

A x (z) = ■.Y 1 (z)- 1 Y 2 (zqt- 1 )Y 2 (zq-H): . 
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The generators of W 9j f [s^] follow by applying Theorem 3.1 in the various si 2 direc- 
tions. One finds (see also (2.19)) 



Ti(z) = cTMY^(z), (A.7) 

\€P(V(u>i)) 

where 

Ax(*) s Y£(z) = 

A 2 {z) = Y£{z) = :Y^(z)A 1 (zq-H)- 1 := :Y 1 {z q -H 2 )- 1 Y 2 {zq-H) : , (A.8) 
A 3 (z) = Y£(z) = :Y^(z)A 2 (zq- 2 t 2 )- 1 := rY^" 3 * 3 )- 1 : , 



TX{z) = :Y 2 (z): 7 

Y^{z) = :YZ i (z)Mzq- l t)- 1 := :Y 1 (zq-H)Y 2 (zq- 2 t 2 )- 1 : , (A.9) 
Y^(z) = :Y^(z)A 1 (zq- 2 t 2 )- 1 := lY^zq- 3 ^)- 1 : . 



and all c^{q,t) = 1, in agreement with (2.24). 
Note that we can write (cf. (2.18)) 



Y^{z) = :A 1 (zq-H)A 2 (zqt-'):, 

Y^ 2 (z) = :A 1 (zq-H)A 3 (zqt- 1 ):, (A.10) 
Y%(z) = :A 2 (zq- 1 t)A 3 (zqt- 1 ): . 



In fact, it is not hard to see that, 

11) 

T^zqr 1 ) = lim / e 1 1 1 e2 (-)T 1 (^)T 1 H, (A.ll) 

w^zq-*t~ z Z 

which illustrates Conjecture 3.3. Similarly, one can verify, e.g., 

11) 

Ty^zq) = lim /^(-m^H, 

w^rzq A Z 

2V( Wl+W2 )(z) = Ti(z)T 2 (zg), 



(A.12) 



where Tv^wi)^) an d TV^i+a^)^) are the W^sfe] generators corresponding to the V(2ui) 
6 and V{u\ + u 2 ) = 8 of U q {s\z), respectively. 



For the commutation relations one finds 

fu(—)Ti (z)Ti (w)-/u ( — )Ti (w)Ti (z) 

2; to 



"^(% 2 t- 2 ^)T 2 (^- 1 )-^- 2 t 2 ^)T 2 (^- 1 )), 



7/1 7 

/12 ( — )2i (z)T 2 (w)-f 12 ( — )T 2 (w)Ti (z) 



M~V^3 + -3^ ^-3 + 3™0l (A - 13) 



-%R('<«**=>-'<^=>). 



/ 22 (-)T 2 (z)T 2 («;)-/ 22 (-)T 2 («;)T 2 (z) 
2 iu 



(qt~ 

where fij(x) is defined in (2.31). Note that fn(x) = f 22 (x). 
A.2. W q , t [B 2 ] 

In this appendix we compute explicit expressions for the generators and relations of 
the deformed W 9) t[i? 2 ] algebra. The classical limit t — > 1, i.e., W g; i[i? 2 ], has been discussed 
already in [12,15]. 

We adopt the following conventions. In terms of an orthonormal basis {ei, e 2 } of 1R 2 , 
the simple roots and fundamental weights of B 2 are given by 

di = ei — £2 , «2 = e 2 , 

(A.14) 

u\ = ei , u 2 = §(ei + e 2 ) . 

We have (n, r 2 ) = (2, 1) and r v = 2, h = 4, h v = 3. The weights of the B 2 irreducible 
representations L{uj\) = 5 and L{uj 2 ) = 4 are given by {±ei,±e 2 ,0} and {^(±ei ± e 2 )}, 
respectively. 

The deformed Cartan matix is given by 

<V*«> = ("X+f°) 9 r'+V 1 «) ' (A ' 16) 



In particular, 

A 1 (z) = :Y 1 (zqH- 1 )Y 1 (zq-H)Y 2 (zq- 1 )- 1 Y 2 (zq)- 1 . 
A 2 (z) = :Y l (z)- 1 Y 2 (zqt- 1 )Y 1 (zq- 1 t): . 
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(A.16) 



Using the sl 2 pasting procedure outlined in Section 3 we find the following generators 
ofW q , t [B 2 ]: 8 

Ti{z) = J2 c^( q ,t)Y^(z), (A.17) 
AeP(v(wi)) 

= Y^{z) = 

= Y£(z) = :Y^(z)A 1 (zq-H)- 1 := :Y l (zq-*1?)- l Y 2 (zq-H)Y 2 (zq- l t) : , 
= Y^{z) = :Y^(z)A 2 (zq-H 2 )- 1 -= ■Y 2 {zq-H*)- 1 Y 2 {zq- 1 t) : , 
= Y^ e2 {z) = :Y^{z)A 2 {z q -H 2 )- 1 := :Y 1 {zq-H 2 )Y 2 {zq-H z )- l Y 2 {zq-H z )- 1 : , 

= y^) = ii^CzMiCzg-V)- 1 — ryiCzg-V)- 1 :, 



where 
Ai(z 

A (z 
A 2 (z 
Ai(z 



y- ei _ e2) (z) = ry^^W^N- 1 *)- 1 ^ ^(^y^-V)- 1 :, 

ri (fl+f ,W = :Y^Jz)A 2 (zq-H s )- 1 := :Y 2 {zq-H^ : , 



(A.18) 



(A.19) 



r( £ l+ e 2) V ' ' -a( e l- e 2) 

and the coefficients c"* t) are given by 

CM) = 72,1 (q,t) = d?{q,t) = 1, A^O. (A.20) 

c^(q,t) = 1, VA. (A.21) 

The construction of T\{z) illustrates an important feature that does not occur in the 
W 5j f[stjv] case, namely the occurance of an sl 2 string with 3 terms (the one built on 
Y^(z)), and consequently the nontrivial coefficient Cq 1 ^, t) = 72,i(?>£)- The generators 
above are in perfect agreement with Assumption 2.4 as well as Theorems 2.5 and 2.6. 
Note that we can write 

Ao(*) = ry^^)^- 1 ^!^^)^- 1 ):, (A.22) 
Ai(z) = :irx (ei _ ea) (^- 1 t)H(e 1+ e 3 )(^" 1 ) : • 



8 In fact, T 2 (z) of W^tfi^] coincides with T\{z) of W^JCy, so that those generators 
can be read-off from the results in [15]. 



In fact, we have 

11) 

once more illustrating Conjecture 3.3. 

For the commutation relations one finds 

111 7 

z w 



h2{-)Tx{z)T 2 {w)-h 2 {-)T2{w)T x {z) 
z w 



^^^5( q H-^)T 2 (zq-H) - 5{q-H^)T 2 {zqt-^ , 



7/7 7 

f22(-)T 2 (z)T 2 (w)-f 22 (-)T 2 (w)T 2 (z) 



where 



T V (2u> 2 ){z) = lim f 2 2( — ^(zq-^T^wq' 1 ] 

w^zq 2 Z 



(Stft-^iwqt- 1 ) - 5{q-H^) Tl {zqt^ 



(A.24) 



(A.25) 



= :Y 2 (zq- 1 )Y 2 (zq):+... , 

is the W q: t[B 2 ] generator corresponding to the irreducible U q (B 2 ) representation that de- 
composes under U q (B 2 ) as a 10 © 1. 

A.S. W q , t [G 2 ] 

In this appendix we illustrate our algorithm to compute explicit expressions for the 
generators and relations of the algebra W qj t[G 2 ]. For t = 1, i.e. W^ifC^]; the generators 
and (part of) the Poisson algebra structure were already discussed in [21]. 

We adopt the following conventions. The simple roots are normalized as 

(oi,oi) = §, (02,02) = 2, (0:1,0:2) = -1 , (A. 26) 
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such that T\ = 1, r 2 = 3 and r v = 3. The Coxeter and dual Coxeter numbers are h = 6, 
h v = 4, while the deformed Cartan matrix is given by 

such that, in particular, 

Ariz) = ■.Y 1 (zqt- l )Y 1 (zq-H)Y 2 (z)- 1 : , 

(A.28) 

A 2 (z) = ■.Y 1 (zq 2 )- 1 Y 1 (z)- 1 Y 1 (zq- 2 )- 1 Y 2 (zqh- 1 )Y 2 (zq-h): . 

The two fundamental representations of G 2 are L{uj\) = 1 and L(co 2 ) = 14. While 
the representation L(ui) can be affmized to a finite dimensional U q (G 2 ) module V(oji), 
the minimal affinization V(u> 2 ) of L(u 2 ) involves the addition of a singlet [9], i.e., as a 
representation of U q (G 2 ) this V^u^) decomposes as 14 © 1. 

The corresponding Wg^Gy generators are given by 

Ti(z) = ^(q,t)Y^(z), (A.29) 

\eP(V(wi)) 

where 

Ai(*) = C 1+aa W = 

A 2 (z) = 0« 2 W = ^iWAiN" 1 ^- 1 ^ ^i^-V)- 1 ^^- 1 ^:, 

A 3 (z) = Y£(z) = ■.K 2 {z)A 2 {zq-H 2 )- 1 := :Y 1 {zq-H 2 )Y 1 {z q -H 2 )Y 2 {zq- 7 t*)- 1 : , 

A 4 (z) = = rAaC^Czg- 7 * 3 )- 1 — ry^^r 8 ^ 1 *!^? -4 * 2 ) : , 

A 5 (z) = YX(z) = :A 4 (z)A 1 (zq-h 3 )- 1 := -.Y^zq-H^Y^zq-H^Y^zq-H^) : , 

A«(z) = y_7 Ql+Q2) W = :K(z)A 2 (zq-h')- 1 := -.Y^zq-^Y^zq-'H 5 )- 1 : , 

A 7 (z) ee y_7 2Ql+Q2) W = ^(z)^^- 11 * 5 )- 1 ^ ^Car 12 * 8 )" 1 : , 

(A.30) 
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while 



Y3Z + « 2 ( Z ) = ■.Y 3 ^ i+2(X2 (z)A 2 (z q -H)- 1 : 

= ■.Y 1 (zq-h)Y 1 (zq-h)Y 1 (zq- 1 t)Y 2 (zq-H 2 )- 1 :, 

Y 2 % +a2 (z) = ■■Y 3 l\ +a2 (z)A 1 (zq-H 2 )- 1 : 

= :Y 1 (zq-H)Y 1 (zq-H)Y 1 (zq- 7 t 3 )- 1 --, 

Y£ +aa {z) = :Y 2 Z +a2 (z)A 1 (zq-H 2 )-': 

= :Y 1 (zq- 1 t)Y 1 (zq- 7 t 3 )- 1 Y 1 (zq- 5 t 3 )- 1 Y 2 (zq-H 2 ):, 

= -.Y^zq-^Y^zq-HWzq-^t 4 )- 1 : , 

YTM = :Y^ +a2 (z)A 1 (zq- 2 t 2 )- 1 : 

= :Y 1 (zq-H 3 )- 1 Y 1 (zq- b t 3 )- 1 Y 1 (zq- 3 t 3 )- 1 Y 2 (zq-H 2 )Y 2 {zq- 2 t 2 )-., 

Y^(z) = :Y^(z)A 1 (zq- 10 t 4 )- 1 -- 

= :Y 1 (zq- 11 t 5 )- 1 Y 1 (zq- 1 t):, 

Yp'(z) = :Y^(z)A 1 (zq- 2 t 2 )- 1 := :Y£ (z)A 2 (zq- 7 t 3 )- 1 : 

Yo 2 "(z) = :Y^(z)A 2 (zq-H 3 )- 1 : 

= :Y 2 {zq-h 4 )- 1 Y 2 {zq-H 2 ):, 

Y-Uz) = :Yp'(z)A 2 (zq-H 3 )- 1 : 

Y%(z) = :Yp'(z)A 1 (zq- w t 4 )- 1 : 

= :Y 1 (zq- 11 t 5 )- 1 Y 1 (zq- 3 y 3 )- 1 Y 2 (zq- 2 t 2 ):, 

Y%_ a2 (z) = :Y^ ai (z)A 2 (zq-h 3 )- 1 := :Y%(z)A 1 (zq- 10 t±)- 1 : 

= :Y 1 (zq- 11 t 5 )- 1 Y 1 (zq- 7 t 3 )Y 1 (zq- 5 t 3 )Y 2 (zq- 8 t 4 )- 1 -, 

Y^ 2ai . a2 {z) = :Y^ ai _ a2 {z)A 1 {zq-H 4 )- 1 : 

= :Y 1 {zq- 1 H b )- 1 Y 1 {zq- 9 t 5 )- 1 Y 1 {zq-H 3 ):, 

(A.31) 
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= :Y l {zq- 1 H b )- 1 Y l {zq-h 5 )- 1 Y 1 {zq- 7 ^)- 1 Y 2 {zq-H A ):, 

Y-i ai -2a 2 (z) = ■■Y-la 1 -2a^)Mzq- g t 5 )- 1 : 
= -.Y^zq-^t 6 )- 1 : , 

and the coefficients (g, t) are given by 

c& 1+ a a (?,f) = C 1+ a 2 M) = C\{q,t) = c"J ai (q,t) 

= <?\ ai + aa )(Q,t) = c^ i2ai+a2) {q,t) = 1, ^ A _ 32 ^ 

C(q,t) = 72,1 (q,t) - {r '' f/r ? 



and 



(9,^- 1 > 

<& 1+2 a a fa*) = c? ai+a2 (q,t) = C 2 (q,t) = c"_ 2 a2 (q,t) 
= c^ 2 3ai _ Q2 ( 9 ,t) = c% ai _ 2oi2 {q,t) = 1, 

c£ 1+aa (?,*) = C+a a (?.*) = CM) = ^M) 

(f 2 qT\^r^q^) 
(q,qH-\ q n-\qH-i)' 



CM) 

CM) 
CM) 



2+-l\ 



(A.33) 



Note that again we find perfect agreement with both Theorem 2.5 and 2.6. The con- 
struction of the generator T%{z) illustrates two important features. First, the SI2 string 
built on, e.g., Y£*(z), requires 4 terms as compared to the 3-dimensional U q (sl2) repre- 
sentation which occurs at this point in the 14 of U q (G 2 )- This illustrates the necessity for 
extending the 14 by a 1. Secondly, the 5X2 strings built on Y£ 2 {z) and Y£ 2 (z) intersect at 
the point Yq 2 '(z). For consistency of the sl 2 pasting procedure we therefore need to find 
the same coefficient CQ 2 '(q, t) regardless of which sl 2 path we choose to reach Yq 2 '{z). This 
can indeed be verified. 
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Note that 



I 3a 1 +2a 2 \ Z > 




. A 

: Ai 


[zq 


t)I\2\zqt 


-1 






: Ai 


[zq' 


t)As{zqt 


-1 


V^2 ( ~\ 
I 2c n +a 2 \ Z ) 




. A 

:Ai 


[zq' 




-1 


I a 1 +a 2 \ Z > 




. A 

: Ai 


[zq' 


t)A 5 (zqt 


-1 


vu>2 i ~\ 

v( z ) 




. A 

:Ai 


[zq' 


-1-1 \ A I ~„4-~ 

t)A 6 (zqt 


-1 






: A 2 


[zq' 


t)A 5 (zqt 


-1 


Y o \ z ) 




. A 

: Ai 


[zq' 


t JA 7 (Z<7t 


-1 


Y o \ z ) 




. A 

: A 2 


[zq' 


-1 /\ A ( ~„4-~ 

t)A 6 {zqt 


-1 


\ru> 2 >/ 1 ~\ 

Y o K z ) 




. A 

: A3 


[zq' 


- 1 j.\ A / _ J. - 

ijA 5 (z<zi 


-1 


Y -a 2 { z ) 




. A 

: A3 


[zq' 


t)A 6 {zqt 


-1 


Y - ai K z ) 




. A 

: A 2 


[zq' 


t JA 7 (^(/t 


-1 


1 -otx-a.2 V 1 ) 




:A 3 


[zq' 


" 1 t)A 7 (^r 


- 1 


Y -2 ai -a 2 ( Z ) 




:A 4 


[zq' 


_1 t)A 7 (^" 


-1 


y^2 ( \ 

1 -3ai-a 2 \ z > 




:A 5 


[zq' 


_1 t)A 7 (^" 


-1 


y^2 ( \ 
1 -3 ai -2a 2 \ z ■) 




:A 6 


[zq~ 


_1 t)A 7 (^" 


-1 



so that we can also write 

T 2 (z) = J] *j(Q>t) ■K{zq-H)A j {zqt- 1 ):, (A.35) 

with appropriately chosen coefficients Cij(q,t) (some of which are vanishing). In fact, an 
explicit examination of all the contractions shows 

T 2 (zqt- 1 ) = lim /^ 1+Q2 , ai+Q2 (-)T 1 (^)T 1 («;), (A.36) 

w^zq z t~ z Z 

which again confirms Conjecture 3.3. 
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The commutation relations are given by 

ri(z)Tx 



111 7 

hx{-)T x {z)T x {w) - / n (-)Ti(«02i(*) 



^ (%V 2 ^ )T 2 (^" 1 ) - 5(," 2 t 2 ^)T 2 (^- 1 )) 
(g, t -1 , qH -1 , q 2 t~ 2 , qH~\ qH~ 3 ) ( 12,-6^ 

/i 2 (-)Ti(z)T 2 («;) - / 12 (-)T 2 HT!^) 

= ^ ^V^Ty,^)^ 2 *- 1 ) - 5( 9 - 7 ^)T, {2wi) (^- 2 t)j 



7/1 7 

/ 22 (-)T 2 ( Z )T 2 H-/ 22 (-)T 2 WT 2 ( Z ) 

2 w 

= -^^jy (^(Q 6 t~ 2 ^)T V (^ SuJl )(wq 3 t~ 1 ) — 5(q~ 6 t 2 ^)T V (3 UJl )(zq 3 t~ 1 ) 

(q 3 ,q\t-\qt-\qH-\q 2 t- 2 ) 
(q,q 2 t- 1 ,qH- 1 ,qH- 1 ,qH- 2 ) 

x [5{q^r^)T vl{2uJl) {wqH- 2 ) - 6(q- 10 t*™)T v , {2u}l) (zq 5 t- 2 )^ 
(it, q 2 , q 3 , <7 4 t -1 , Qt -2 ) 



+ 



4j.-2> 



x % 8 r 4 -)T 2 ( W gV)^( 9 - 8 i 4 -)T 2 (^- 

\ 2; 2; 

(q 3 , r 1 , g 4 *- 1 , g^rS gt- 2 , g 2 t~ 2 , g 6 t~ 2 , Q 3 t- 3 ) / 12,-6^ _c/ -12,6^' 

(qt- 1 ,q 2 t- 1 ,qH- 1 ,qH- 2 ,qH- 2 ,qH- 2 ,qn- 3 ) \ W 2 J W z 



(A.37) 



where 



7V (3wi) (zO = :yi(zg- 2 )yi(z)yi(zg 2 ):+..., 

T n2wi) W = ^i(rtN:+-, (A.38) 

Tv^oC*) = ry^-^yi^V 1 )^..., 

are W q; t[G 2 ] generators corresponding to irreducible U q (G 2 ) representations that decom- 
pose under U q (G 2 ) as 77' © 27 © 2(14), 27 © 7 and 27 © 14 © 1, respectively. 
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